
Supersaturation, Nucleation, and Phase Separation of Mesoscopic
Systems
Jingyu Kang, ̂ Donghee Kim, ̂ Sanggeun Song, ̂ Jonghwa Han, Yongwon Jung, Sangwoon Yoon,
Youngjae Ryu, Sungjee Kim, Byung Hyo Kim, Jeong-Mo Choi, Mino Yang, Joonkyung Jang,
Taeghwan Hyeon, Jungwon Park,* Ji-Hyun Kim,* and Jaeyoung Sung*

Cite This: J. Am. Chem. Soc. 2025, 147, 46976−46985 Read Online

ACCESS Metrics & More Article Recommendations *sı Supporting Information

ABSTRACT: Supersaturation, nucleation, and phase separation
are ubiquitous phenomena of great interest in both science and
industry. However, a unified, quantitative understanding of these
phenomena has yet to be achieved for mesoscopic systems. Here,
we present a set of general equations that determine the monomer
saturation degree, the size distribution, and the free energy of
mesoscopic systems, as well as their phase-transition conditions.
These equations reveal that, under supersaturation, the largest
cluster size (LCS) is an important state variable; the super-
saturation degree decreases with the LCS, approaching unity in the
macroscopic limit. We identify the critical supersaturation, at which
the nuclei undergo the phase transition to form large crystals.
Below this critical supersaturation, the nucleus size distribution is
either a unimodal function or a monotonically decreasing function of size, depending on the system and temperature. We also
predict the most probable nucleus size and the direction of spontaneous changes of the LCS. Our theory provides a unified,
quantitative explanation of the nucleus-size-distribution across six different systems, including nanoparticles and biological
condensates. This work serves as a general theoretical framework useful for understanding and designing nucleation and phase
transitions of mesoscopic systems.

1. INTRODUCTION
Supersaturation and nucleation are universal thermodynamic
phenomena observed across diverse systems, ranging from
nanocrystals1,2 and biological condensates3,4 to fine dust and
pollen,5,6 raindrops,7,8 clouds,9−12 and even stars and
galaxies.13,14 These processes constitute the crucial, initial
steps for all phase transitions, including crystallization. For
development of nanocrystals, which have had significant
impacts on materials science,1,15,16 controlling nucleation and
phase transition is particularly important and remains a central
issue across various industrial fields. For example, precise
control over the size and shape of quantum dots is essential for
their optoelectronic and photovoltaic applications.17 Addition-
ally, it is critical to optimize the electrolyte interphase near
electrodes for solid electrolyte batteries18 and to achieve
defect-free single-crystal silicon wafer formation and uniform
thin-film deposition for semiconductor fabrication.19 In recent
years, the nucleation and phase separation of biomolecules in
living cells, along with their biological implications, have also
drawn a great deal of attention.3,20−22

Despite significant advances in these fields, our under-
standing of supersaturation, nucleation, and phase separation
in mesoscopic material systems remains far from complete.

The precise conditions under which mesoscopic crystals and
biological condensates form from supersaturated solutions are
still unknown. The thermodynamic origin of supersaturation
and the equation governing the supersaturation degree have
yet to be discovered. Moreover, it has long been elusive how
the size distribution of nuclei depends on the chemical identity
of monomers and solution environments, temperature, and
total monomer concentration.
Since Gibbs and Thomson laid the foundation of nucleation

theory in the late 19th century,23 extensive varieties of models
and theories have been developed to understand nucleation
and phase transition phenomena.24−30 According to the
classical nucleation theory (CNT) based on the Gibbs−
Thomson equation (GTE), nuclei smaller than a critical size
should exhibit a monotonically decreasing size distribution and
therefore cannot have a unimodal size distribution.24,25,31 This

Received: June 27, 2025
Revised: November 21, 2025
Accepted: November 24, 2025
Published: December 3, 2025

Articlepubs.acs.org/JACS

© 2025 The Authors. Published by
American Chemical Society

46976
https://doi.org/10.1021/jacs.5c10868

J. Am. Chem. Soc. 2025, 147, 46976−46985

This article is licensed under CC-BY-NC-ND 4.0

D
ow

nl
oa

de
d 

vi
a 

PU
SA

N
 N

A
T

L
 U

N
IV

 o
n 

Ja
nu

ar
y 

5,
 2

02
6 

at
 0

1:
02

:0
4 

(U
T

C
).

Se
e 

ht
tp

s:
//p

ub
s.

ac
s.

or
g/

sh
ar

in
gg

ui
de

lin
es

 f
or

 o
pt

io
ns

 o
n 

ho
w

 to
 le

gi
tim

at
el

y 
sh

ar
e 

pu
bl

is
he

d 
ar

tic
le

s.

https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Jingyu+Kang"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Donghee+Kim"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Sanggeun+Song"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Jonghwa+Han"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Yongwon+Jung"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Sangwoon+Yoon"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Youngjae+Ryu"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Youngjae+Ryu"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Sungjee+Kim"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Byung+Hyo+Kim"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Jeong-Mo+Choi"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Mino+Yang"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Joonkyung+Jang"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Taeghwan+Hyeon"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Taeghwan+Hyeon"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Jungwon+Park"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Ji-Hyun+Kim"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Jaeyoung+Sung"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/showCitFormats?doi=10.1021/jacs.5c10868&ref=pdf
https://pubs.acs.org/doi/10.1021/jacs.5c10868?ref=pdf
https://pubs.acs.org/doi/10.1021/jacs.5c10868?goto=articleMetrics&ref=pdf
https://pubs.acs.org/doi/10.1021/jacs.5c10868?goto=recommendations&?ref=pdf
https://pubs.acs.org/doi/10.1021/jacs.5c10868?goto=supporting-info&ref=pdf
https://pubs.acs.org/doi/10.1021/jacs.5c10868?fig=tgr1&ref=pdf
https://pubs.acs.org/toc/jacsat/147/51?ref=pdf
https://pubs.acs.org/toc/jacsat/147/51?ref=pdf
https://pubs.acs.org/toc/jacsat/147/51?ref=pdf
https://pubs.acs.org/toc/jacsat/147/51?ref=pdf
pubs.acs.org/JACS?ref=pdf
https://pubs.acs.org?ref=pdf
https://pubs.acs.org?ref=pdf
https://doi.org/10.1021/jacs.5c10868?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://pubs.acs.org/JACS?ref=pdf
https://pubs.acs.org/JACS?ref=pdf
https://acsopenscience.org/researchers/open-access/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/


is also the case for modern generalizations of the CNT based
on the density functional theories.32−35 However, recent
experimental studies have revealed the existence of mesoscopic
nuclei with a unimodal size distribution across various systems,
including electrolyte solutions,36−39 semiconductor quantum
dots,40,41 noble metals,42−47 biological condensates,48,49 and
amyloid protein fibrils.50,51 There have been controversies over
the origin of the monodisperse size distribution.38,52,53

Hill and Chamberlin (HC) developed a pioneering theory
that predicts a unimodal size distribution for liquid droplets in
equilibrium with undersaturated vapor by accounting for the
translational and rotational motion of liquid droplets.27

However, the HC theory invokes the unrealistic assumption
that the liquid droplets have similar free energy as rigid bodies
and its predicted droplet size distribution has not yet been
experimentally verified. Recently, Sung and co-workers, and
separately, Nelson and Friedman obtained similar unimodal

Figure 1. Equilibrium size distribution of nucleus seeds and large clusters. (A) Schematic representation of nucleus seeds and clusters at different
total monomer concentration ρ1T and largest cluster size M. (left) Nucleus seeds dominant, undersaturation or weak supersaturation condition.
(right) Large clusters dominant, strong supersaturation or hyper-saturation condition. (B) Relationship between the total monomer concentration,
ρ1T/ρ1,cT and saturation degree, S, obtained from eq 3a and 4 with the values of βc1, βc2, and c3 given by 10, −50, and 4, respectively (Materials and
Methods in Supporting Information). ρ1,cT denotes the total monomer concentration when S = 1 (see text below eq 3a). (C) M dependence of Sc1
and Sc. (squares) Critical supersaturation degree Sc1 at which pn undergoes the transition between a unimodal shape and a nonunimodal shape.
(circles) Critical supersaturation degree Sc at which pn* ≅ pM. (solid line) eq 5a when ρ1T/ρ1,cT = 1. (dotted line) exp[β(μM

s − μ∞
s )]. μn

s − μ∞
s denotes

the excess chemical potential (ECP) (eq 8). Both Sc1 and Sc approach unity in the large-M limit. (D) n-dependence of ECP (top), free energy
change associated with the formation of an n-mer from n monomers (center), and nucleus-size-distribution pn (bottom) at various values of S.
(yellow line) ECP. (star) The maximum value †( )n

s s (� lnS†) of the thermal energy scaled ECP at n = n† (Materials and Methods in
Supporting Information). The horizontal lines represent the value of lnS, or the thermal energy scaled excess chemical potential β(μ1 − μ∞

s ) of
monomers in solution, in (cyan) undersaturation (S < 1), (blue) weak supersaturation (1 < S < Sc1), (lime green) intermediate supersaturation (Sc1
< S ≤ Sc), (emerald green) strong supersaturation (Sc < S < S†), and (red) hyper-saturation (S† < S) conditions. TheM value is set to be 105. When
S < Sc1, the formation free energy has a local minimum at n = n*, around which pn has a unimodal peak. When Sc1 < S ≤ Sc, the formational free
energy has a local maximum at n = n** (>n*) as well as the local minimum at n = n*. When S ≅ Sc, the tail of pn near n = M becomes comparable
to the peak around n*. When Sc < S < S†, the tail of pn dominates the peak around n*. When S† < S, pn monotonically increases with n. (inset) The
divergent tails of pn when Sc < S < S† (emerald green line) and S† < S (red line). (E) Dependence of the most probable size (upper) and the relative
variance (lower) of nucleus size on S/Sc.
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size distributions based on the molecular partition function
formulation, applicable to gaseous systems, explaining the
monodisperse size distribution of nanoparticles in condensed
phases.54−56 Nevertheless, these theories fail to explain a
unimodal nucleus-size-distribution under supersaturation con-
ditions.57 More recently, applying a nonequilibrium density
functional theory to diffusion-limited nucleation of macro-
molecules, Lutsko showed that nucleation proceeds by a two-
step mechanism involving the formation of a metastable,
solution droplet followed by ordering at its core.32 Yet, no
current theory defines the precise conditions under which
mesoscopic nuclei undergo phase separation or provides
equations that allow us to calculate the supersaturation degree
and the size distribution of nuclei at a given temperature and
total monomer concentration. A comprehensive theoretical
framework that quantitatively explains supersaturation, nucle-
ation, and phase separation across diverse mesoscopic systems
remains to be established.
Here, addressing these issues, we present a set of equations

that govern the size distribution and free energy of mesoscopic
nuclei at a thermodynamic state defined by temperature,
volume, total monomer concentration, and largest cluster size
(LCS). For this purpose, we extended the molecular partition
function formulation to encompass nuclei and clusters in
condensed phases, explicitly accounting for microscopic
interactions between nuclei and surrounding solvent mole-
cules. Using this formulation, we present the equation
governing the monomer saturation degree, which depends on
the total monomer concentration, the nucleus free energy,
temperature, and the largest cluster size (LCS). This equation
reveals that supersaturation emerges even at equilibrium in a
mesoscopic nuclei system with a finite LCS and its degree
decreases with the LCS for a given total monomer
concentration. We also present the explicit formula for the
critical supersaturation degree at which phase separation
occurs. Below this critical supersaturation, the equilibrium
size distribution of nuclei is either a unimodal function or a
monotonically decreasing function of size, depending on both
the system and the surrounding environment, unless the LCS
is constrained to remain below a critical size. Furthermore, we
identify the conditions under which the LCS value
spontaneously increases and predict the temperature and
saturation degree dependencies of the most probable nucleus
size.
Our analytic formula provides a unified, quantitative

explanation of the nucleus-size-distribution obtained across
six different experimental systems including nanoparticles and
biological condensates. Most of these systems exhibit a
unimodal size distribution under supersaturation conditions.
Combined with modern computational science along with
machine learning technique,58−60 this work enables con-
struction of physicochemical models with predictive capa-
bilities for nucleation and phase transition of mesoscopic
material systems.

2. RESULTS
We consider an ensemble of nuclei in a thermodynamic state
defined by temperature T, system volume V, the total
monomer number N1

T, and the number, M, of monomers in
the largest cluster within our system (Figure 1A). By applying
Gibbs−Boltzmann’s statistical thermodynamics to this ensem-
ble, we obtain the three key equations for the equilibrium

distribution of nucleus size, the free energy of the total nuclei
system, and the monomer saturation degree.
2.1. Equilibrium Size Distribution. The equilibrium

distribution of the number, n, of monomers in a nucleus, is
obtained as (Materials and Methods in Supporting
Information)

=
=

p
X S

X S

exp( )

exp( )n
n

n

m
M

m
m

1 (1)

where β denotes inverse thermal energy (kBT)−1 with kB
denoting the Boltzmann constant. Xn and S designate,
respectively, the nonextensive free energy of a single n-mer,
which is defined by Xn � f s(n) − nμ∞

s with f s(n) and μ∞
s

denoting the Helmholtz free energy of a single n-mer and the
chemical potential of monomers in the macroscopic phase, and
the saturation degree defined by S = ρ1/ρsol, with ρ1 and ρsol
denoting the concentration of free monomers in solution and
the solubility, i.e., the maximum concentration of free
monomers in solution at equilibrium with a macroscopic
phase. Note that pn depends not only on the nonextensive free
energy Xn, an intrinsic thermodynamic property of the nucleus
system, but also on temperature T and saturation degree S,
extrinsic variables that we can control. The equation governing
saturation degree S and explicit analytic expression of Xn will
be provided shortly.
2.2. Free Energy of Nucleation System. The Helmholtz

free energy of the nucleation system determines the direction
of spontaneous changes in the thermodynamic state of the
system. For example, a spontaneous change in the value, M, of
the LCS occurs in the direction in which the free energy
decreases. An analytic expression of the Helmholtz free energy
of the nucleation system is obtained as (Materials and
Methods in Supporting Information)

= + [ ]A N k T S n( ln )M
T s

M1 B
1

(2)

where ⟨n⟩M denotes the mean nucleus size defined by ⟨n⟩M �
∑n=1

M npn. Equation 2 indicates that AM/N1
T linearly increases

with μ∞
s + kBT ln S, which is the chemical potential μ1 of

monomers in solution. To calculate pn and AM using eqs 1 and
2, we need to calculate saturation degree S.
2.3. Saturation Degree. Saturation degree S is dependent

on the total monomer concentration ρ1T as well as temperature
and the nonextensive free energy, Xn, of an n-mer. The
equation governing saturation degree S is obtained as
(Materials and Methods in Supporting Information):

=
=

S /
n

M

n
n T T

1
1 1,c

(3a)

=

n X

m X

exp( )

exp( )
n

n

m
M

m1 (3b)

where ρ1,cT is defined as ρ1,cT � V−1∑n=1
M nexp(−βXn). Since

∑n=1
M ξn = 1, eq 3a yields S = 1 when ρ1T = ρ1,cT . The value of S is

greater (smaller) than unity when ρ1T is greater (smaller) than
ρ1,cT . One can solve eq 3a numerically to determine saturation
degree S as a function of temperature and the total monomer
concentration for any nuclei systems, provided that Xn can be
computed. An approximate analytic solution of eq 3a and the
dependence of saturation degree on the total monomer
concentration and the largest cluster size are discussed in
Discussion.
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We note here that, in the infinite-M limit, the value of S
satisfying eq 3a cannot be greater than unity for any finite ρ1T.
For this reason, supersaturation is negligible in solution at
equilibrium with a macroscopic system. However, in solution
at equilibrium with mesoscopic nuclei systems with finite M
values, supersaturation (S > 1) can emerge when ρ1T is greater
than ρ1,cT .
Equations 1−3 constitute the complete set of thermody-

namic equations that govern the size distribution, total free
energy, and saturation degree of a general mesoscopic system.
To use them in practical applications, however, we need an
explicit expression of the nonextensive free energy, Xn, which
varies depending on a system of interest.61

2.4. Nucleus Model & Free Energy. We introduce a
microscopic model of a nucleus in solution. In this model, we
account for not only the translational, rotational, vibrational
motion of a nucleus but also its microscopic interaction with
the surrounding molecules and solvents, often overlooked in
nucleation theories. The electronic energy contributions from
the edge, surface, and core of the nucleus to its total free
energy are also taken into account (Materials and Methods in
Supporting Information).
To calculate thermodynamic properties of an ensemble of

nuclei in solution, we develop the solution-phase molecular
partition function formalism (Materials and Methods in
Supporting Information). This solution-phase molecular
partition function formalism enables us to obtain analytic
expressions of the chemical potential and free energy of a
single nucleus in terms of temperature and the microscopic
properties of the nucleus, such as the nucleus size, the
vibrational frequency distribution, the energy difference
between the core part and the surface part, and the interaction
potential between the nucleus and surrounding molecules.
The free energy f s(n) of an n-mer consists of an extensive

part, nμ∞
s , which grows linearly with system size, and a

remaining nonextensive part, Xn.
61 Our nucleus model yields

explicit expressions for both parts (Materials and Methods in
Supporting Information). The extensive part is dominantly
contributed by the vibrational and electronic degrees of
freedom of a nucleus and the exclusion of solvent molecules by

the nucleus. The chemical potential μ∞
s of monomers in a

macroscopic phase determines saturation level ρsol of
monomers in solution at equilibrium with the macroscopic
phase (Materials and Methods in Supporting Information).
For our nucleus model, the nonextensive part Xn of the free

energy of a nucleus can be cast into the following form,

= + +X c n c n k Tc n nln constant inn 1
2/3

2
1/3

B 3 (4)

where the analytic expressions of c1, c2, and c3 are given in
Materials and Methods in Supporting Information. These
coefficients are only weakly dependent on temperature and size
n for a quasi-spherical nucleus. The first two terms on the
right-hand-side (r.h.s.) of eq 4 originate from the energy
difference between the surfaces and the core of the nucleus as
well as microscopic interactions between nucleus and
surrounding molecules. The third term originates from
translational and rotational motion and the configurational
degeneracy of the nucleus. We note that, for a large spherical
nucleus, eq 4 shares the same mathematical form as Dillmann
and Meier (DM)’s phenomenological free energy expression.26

Equation 4 has a finite application range. For the cluster of
Lennard-Jones (LJ) particles with the Mackay icosahedral
geometry,62 we find eq 4 applicable to clusters containing more
than 13 particles (Figure S1). The minimum nucleus size to
which eq 4 is applicable depends on the system of interest.
However, even when we are interested in the size distribution
of tiny nuclei to which eq 4 does not hold, we can still obtain
the size distribution from eqs 1 and 3a, using accurate Xn of the
nuclei. In principle, it is possible to calculate Xn of small nuclei
by combining the first-principle molecular dynamics simulation
and our solution-phase molecular partition function formula-
tion.63−66

3. DISCUSSION
Saturation degree S exhibits two distinct phases in its
dependence on the total monomer concentration and LCS.
When saturation degree is below a critical supersaturation, it is
sensitive to the total monomer concentration but largely
independent of the LCS. Conversely, when the saturation
degree is above the critical supersaturation, it is sensitive to the

Figure 2. Largest cluster size dependence of Helmholtz free energy, saturation degree, and size distribution. (A) (colored solid lines) M
dependence of the Helmholtz free energy AM of the total system divided by the total monomer number NT at various ρ1T/ρ1,cT (∞) values with

=V n( )( e )
T

n
X

1,c
1

1
n . The y axis represents the value of AM/NT − μ∞

s in unit of thermal energy. (B) M dependence of lnS (colored solid
lines), the logarithm of eq 5a (colored dashed lines), and β(μM

s − μ∞
s ) − 1/M with values of βc1, βc2, and c3 identical to those used in Figure 1

(black solid line). In (A) and (B), the square and circles symbols represent values of two roots, Mc1 and Mc2, of S(M) = S< at given values of ρ1T/
ρ1,cT (∞), respectively. AM decrease with M for the M values less than Mc1 or greater than Mc2, where eq 5a provides a good approximation of S(M).
AM is nearly independent of M for the M values between Mc1 and Mc2, where the M-independent S is designated by S<. (inset) Dependence of lnS<
on ρ1T/ρ1,cT (∞): Exact results (symbols) and logarithm of eq M58 in Materials and Methods in Supporting Information (line). (C) ρ1T dependence
of Mc1 and Mc2 (solid and dashed lines). When ρ1T < ρ1,cT (∞), only Mc1 exists; when ρ1T > ρ1T†, neither Mc1 nor Mc2 exists; but when ρ1,cT (∞) < ρ1T <
ρ1T†, both critical sizes exist.
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LCS but largely independent of the total monomer
concentration.
To show this, let us first consider the case where S is so small

that ξnSn rapidly decreases with n. In this case, eq 3a can be
approximated by == S /n n

n T T
1 1 1,c, whose solution, satu-

ration degree S, is essentially independent of M. A necessary
condition for this case is that the series {ξnSn} has a tail that
decreases with n, that is, ∂n(ξnSn)|n=M = ∂n exp (ln n − βXn + n
ln S)|n=M < 0 or lnS < β(μM

s − μ∞
s ) − M−1. In the latter

equation, μM
s − μ∞

s denotes the excess chemical potential
(ECP) defined by ∂MXM[�∂M( f s(M) − Mμ∞

s )] (Figure
S2A,B). Saturation degree S with a negligible M dependence
will be designated by S<, which is a function of ρ1T/ρ1,cT and
{βXn} only (Figure 1B). An approximate analytic expression
S<(a) of S< is provided in eq M58 (see Materials and Methods in
Supporting Information).
In the other case where lnS is significantly greater than β(μM

s

− μ∞
s ) − M−1, the series {ξnSn} in eq 3a has a divergent tail.

When ξnSn has a divergent tail, the value of S is sensitive to the
largest cluster size, M (Figures S2A,B), which will be
designated by S(M). We obtain a simple, approximate
expression of S(M) from eq 3a using the maximum term
method as

[ ]S M S M S M( ) ( )( / ) ( ) , ( )T T M T T
c 1 1,c

1/
a 1 1,c

(5a)

= { + }S M M X M c( ) exp ( ln ln )M Mc
1

(5b)

where Sc(M) denotes the critical supersaturation dependent on
M. In eq 5b, cM is defined by cM = ∑n=1

M ne−βXnd′ with Xn′ denoting
the n-dependent part of Xn (Materials and Methods in
Supporting Information). The value of cM quickly approaches
a constant, c∞, as M increases. Both S(M) and Sc(M)
monotonically decrease with M. The approximate results
calculated from eq 5a are in excellent agreement with the exact
numerical solutions, S(M), of eq 3a. (Figure 2B). Equation 5a
tells us that S(M) is almost the same as Sc(M) while the value
of ρ1T/ρ1,cT (≫ 1) increases by several orders of magnitude for a
typical M value, which is greater than 103 in most experiments.
This results in the saturation degree being effectively bound
(Figure 1B). Note that both S(M)and Sc(M) approach unity in
the large-M limit (Figure 1C), which indicates that super-
saturation disappears in solution at equilibrium with a
macroscopic phase.
The shape of the nucleus-size-distribution predicted by eqs 1

and 4 exhibits the phase transition when saturation degree S
passes through the critical supersaturation Sc given in eq 5b.
The nucleus-size-distribution has a divergent tail when S > Sc.
In this case, the most probable size is the largest cluster size M
regardless of the detailed form of Xn. In contrast, when S < Sc,
the nucleus-size-distribution is either a monotonically decreas-
ing function or a unimodal function of nucleus size, depending
on the nonextensive free energy Xn, with the most probable
size far smaller than M.
To show this, let us consider the logarithmic derivative of eq

1,

Figure 3. Nucleus-size-distributions of various nucleation systems. 1st row: Nucleus-size-distributions of Au nanoparticles (left), InP quantum dots
(middle), and FePt nanoparticles (right) (see Figure S7 for their TEM images). 2nd row: Nucleus-size-distributions of metal ion-mediated PRM-
SH3 condensates70 (left), mutant p53 tumor suppressor protein condensates71 (middle) and biosurfactant micelles72 (right). The biosurfactant
micelles are composed of an amphiphilic biopolymer derived from a hydrophilic intrinsically disordered protein (IDP) sequence fused with a
genetically encoded hydrophobic domain. (symbols) Experimental data. (solid lines) Results of eqs 1 and 4. The optimized values of adjustable
parameters are presented in Table 1. (dotted lines) Results of the classical nucleation theory based on GTE. They are calculated by eqs 1 and 4
with c2 = c3 = 0.
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=p Sln ln ( )n n n
s s

(6)

pn has a local maximum at n = n* if there exists n* satisfying

= | >* = *Sln ( ) and 0n
s s

n n
s

n n (7a)

On the other hand, pn has a local minimum at n = n** if
there exists n** satisfying

= | <** = **Sln ( ) and 0n
s s

n n
s

n n (7b)

According to the GTE, μn
s is a monotonically decreasing

function of n. Consequently, the equilibrium nucleus-size-
distribution obtained based on the GTE cannot have a
unimodal size distribution with the maximum at n = n*, at
which μn

s should have a positive slope as defined in eq 7a.
For our nucleus model, however, the ECP of a nucleus can

be either a monotonically decreasing function or a non-
monotonic function of n. The analytic expression of the ECP
can be obtained from eq 4 as

c
n

c

n
k T

c
nn

s s f
1/3

e
2/3 B

m

(8)

with cf = (2/3)c1, ce = −(1/3)c2, and cm = c3. cf and cm assume
positive values, while ce can be negative or positive (Materials
and Methods in Supporting Information). The ECP given in
eq 8 monotonically decreases with n for the entire range of n
when c1 + c2 > (9/2)kBTc3, but is a nonmonotonic function of
n with a single peak when c1 + c2 < (9/2)kBTc3, as shown in
Figure 1D (Supplementary Text 1 in Supporting Information).
In case where the ECP given in eq 8 monotonically

decreases with n for the entire range of n, pn has two
qualitatively different shapes depending on saturation degree.
pn is a monotonically decreasing function of n, i.e.,

= <p Sln ln ( ) 0n n n
s s , when lnS < β(μM

s −
μ∞
s )(� ln Sc1). On the other hand, when S > Sc1, pn becomes
a convex function of n with a single minimum at n = n**. As
saturation degree further surpasses the critical supersaturation
Sc(>Sc1), pn becomes the convex function with a divergent tail
(Figure S3). An example for this case is a system of clusters of
Lennard-Jones particles with Mackay icosahedral geometry at

low temperatures (Figure S1).62,67 In the infinite M limit, this
size-dependency of pn is qualitatively the same as the J.
Frenkel’s nucleus-size-distribution based on the CNT25

(Figure S4).
In case where the ECP is a nonmonotonic function of size n,

pn given in eq 1 assumes three qualitatively different shapes
depending on saturation degree. When S < Sc1(�exp[β(μM

s −
μ∞
s )]), n* defined in eq 7a exists but n** defined in eq 7b does
not; consequently, pn is a unimodal function of n with a single
peak at nucleus size n* (see Figure 1D). This is the case for
most systems of colloidal nanoparticles at room temperatures
and other nucleation systems with monodisperse size
distributions (Figure 3 and Table 1). On the other hand,
when S > Sc1, pn has both the peak at n = n* and the local
minimum at n = n**. As S surpasses Sc given in eq 5b, pn
acquires a quasi-exponential, divergent tail at large n values
near M, which dominates the peak at n*. During this transition
(Figure 1B), the most probable nucleus size undergoes a
sudden jump from n* to M and the relative variance of the
nucleus size reaches its maximum, unless M is constrained to
r e m a i n b e l o w t h e c r i t i c a l s i z e

[ + + ]†n c c c c k Tc c( / ( / ) 3 / )e f e f
2

B m f
3 at which the ECP

given in eq 8 assumes its maximum (Figures 1e and S5). This
transition signifies the phase transition from nucleus seeds to
large crystals (Figure 1). Finally, under the hyper-saturation
conditions satisfying > †Sln ( )n

s s , pn monotonically
increases with n (the right panel of Figure 1D), because

= >p Sln ln ( ) 0n n n
s s for all n according to eq 6

(Figure 1B).
The unimodal size distribution pn, which emerges when S <

Sc, can be approximated by Gaussian around the most probable

nucleus size, i.e., *
*p p en n

n n( ) /2 n
2 2

where σn
2 is given by

(∂nβμn
s |n=n*)−1. The most probable size n* can be obtained by

solving eqs 7a and 8; when S is close to unity, n* can be
approximated by (Materials and Methods in Supporting
Information):

Table 1. Optimized Values of Parameters Extracted from the Nucleus Size Distribution for Various Nucleation Systemsa

parameter σs (nm) βc1 βc2 c3 lnS

Au nanoparticle 0.159 1.05 × 10−2 −1.56 6.05 −6.77 × 10−5

InP quantum dot 0.229 4.76 × 10−1 −4.18 4.00 1.11 × 10−2

FePt nanoparticle 0.188 1.45 −15.5 4.00 3.92 × 10−2

PRM-SH3 condensate 3.27 3.85 × 10−6 −0.230 1.71 −2.88 × 10−4

mutant p53 condensate 4.40 8.11 × 10−2 −0.900 0.200 1.46 × 10−3

IDP-2Yx2A micelle 3.00 7.93 × 10−1 −3.14 2.24 3.51 × 10−2

aThe values of parameters extracted from our analysis of the distribution, P(r), of the nucleus’s radius are presented for six different experimental
systems. Here, P(r) is related to pn by P(r) ∝ pn(dn/dr) = (3r2/σs3)pn=(r/σ ds)

3, where pn is given by eqs 1 and 4. σs denotes the characteristic length
scale defined by n = (r/σs)3 (see Supplementary Text 4 in Supporting Information for details on the method used to determine σs values). Figure 3
presents the results of our analyses for pn across these experimental systems. c1, c2, and c3 are parameters characterizing the non-extensive free
energy, Xn, given by eq 4. β denotes (kBT)−1 with kB being the Boltzmann constant. The extracted parameter values obtained for these nucleation
systems satisfy the condition under which the excess chemical potential, μn

s − μ∞
s , of monomers in a nucleus has a non-monotonic size dependence,

i.e., cf < 2ce + 3kBTcm (see eq 8), or equivalently < +c c c32
3 1

2
3 2 3. Note that PRM-SH3 condensates, mutant p53 condensates, and IDP-2Yx2A

micelles can be regarded as liquid-like droplets, different from nanoparticles or quantum dots; in this case, the value of c3 can be lower than four.
26

For most of the nucleation systems investigated, the value of saturation degree S is less than or equal to that of the first critical supersaturation level,
Sc1, defined by Sc1 = exp [β(μM

s − μ∞
s )] with M denoting the largest cluster size, estimated as M = (rmax/σs)3, where rmax is the largest nucleus radius

observed in the experimental data. The value of lnSc1 calculated from the definition is as follows: −2.59 × 10−5 for Au nanoparticles, 1.44 × 10−2 for
InP quantum dots, 3.76 × 10−2 for FePt nanoparticles, −2.18 × 10−6 for PRM-SH3 condensates, 1.76 × 10−3 for mutant p53 condensates, and 3.51
× 10−2 for IDP-2Yx2A micelles. By contrast, for FePt nanoparticles, the value of S is greater than that of Sc1, indicating the presence of a tail that
increases with size near the largest size as shown in Figure 3
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where n0 denotes the most probable nucleus size when S = 1,

defined by [ + + ]n c c c c k Tc c8 / ( / ) 4 /0
1

e f e f
2

B m f
3. Equa-

tion 9 shows that n* increases with both temperature and
saturation degree. Note that n* cannot be greater than n†. This
is because μn

s decreases with n for n greater than n† while n*
should satisfy ∂nμn

s |n=n* > 0 by definition (see eq 7a).
In most experiments, the LCS, M, is not controlled, with

only a few exceptions.68,69 Then, a spontaneous change in M
values occurs in the direction in which the Helmholtz free
energy, AM, of the total system decreases. According to eq 2, M
dependence ofAM is determined by lnS − ⟨n⟩M

−1, but ⟨n⟩M
−1 is

negligible compared to lnS in most cases. For this reason, AM
has qualitatively the same M-dependence as lnS (Figures 2A,
B). When S is given by S(M), which is the decreasing function
of M, AM decreases with M as well. However, when S is given
by S = S<, essentially independent of M, AM has negligible M
dependence.

AM exhibits distinct M-dependence, depending on total
monomer concentration ρ1T (Supplementary Text 2 in
Supporting Information). In case where ρ1T is higher than
threshold value ρ1T†, saturation degree S and hence AM decrease
with M for the entire M values (Figure 2), which is unusual.
Under the usual supersaturation conditions satisfying

< <=
†V n( )( e )

T
n

X T T
1,c

1
1 1 1

n , the M value spon-
taneously increases only up to Mc1 but it does not have a
preferred direction of change while the M value is within
interval Mc1 < M < Mc2 where Mc1 and Mc2 denotes the two
roots of S(M) = S< (squares and circles in Figure 2A,B). Only
after the M value reaches Mc2 by unbiased random fluctuations,
M values can spontaneously increase up to infinity and the
macroscopic phase transition occurs. In undersaturation
conditions with ρ1T being even lower than ρ1,cT (∞), Mc2 does
not exist and the M value spontaneously increases only up to
Mc1; therefore, a macroscopic phase transition does not occur.
Equations 1 and 4 provide a quantitative explanation of the

nucleus-size-distribution across various experimental systems,
including not only gold, InP, and FePt nanoparticles but also
biological condensates such as PRM-SH3 condensates,70 p53
condensates,71 and micelles72 (Figure 3). This agreement
between theory and experiment indicates that the nonextensive
free energy Xn assumes the similar analytic form to eq 4 for
both nanoparticles and biological condensates, although the
values of the coefficients appearing in eq 4 differ from system
to system. We note here that, for micelles and biological
condensates, the monomer number is also referred to as
aggregation number.
From the quantitative analysis, we extract the three

parameters characterizing the nonextensive free energy Xn
and saturation degree S for all experimental systems
investigated. For most systems, pn exhibits a unimodal shape,
for which the ECP extracted from our quantitative analysis has
the nonmonotonic dependence on n and the extracted value of
S is not greater than Sc1 in accordance with our theory (Table
1). However, for the data obtained from the FePt nanoparticle
system, pn has a small tail that increases with n. As discussed
before, this kind of tail emerges when the ECP has the
nonmonotonic size dependence and S exceeds Sc1.

We emphasize that eqs 1−3a of the present theory are
applicable to a system of nuclei regardless of their sizes, given
that accurate expression of their Xn is available. On the other
hand, the expression for Xn given in eq 4 has a finite application
range as described below eq 4. To address anonymous
reviewer’s comment, we note here that the application range of
the present theory is not limited to mesoscopic systems with
finite values of the LCS. In the infinite LCS limit, this theory
describes saturation, nucleation, and phase transition of a
macroscopic system.
A comparison between our theory with the previous

nucleation theories is presented in Supplementary Text 3 in
Supporting Information, for lack of space.

4. CONCLUSIONS
The size-distribution, free energy, and saturation degree S of
mesoscopic nuclei systems obey eqs 1−3a. Supersaturation
emerges in solution even at equilibrium with mesoscopic nuclei
with a finite LCS and their phase transition occurs when
saturation degree surpasses the critical supersaturation Sc given
in eq 5a. When S < Sc, pn is either a unimodal function or a
monotonically decreasing function of size n, depending on the
size-dependence of the nonextensive free energy Xn. An
accurate expression of Xn, eq 4, is obtained for a microscopic
model of nucleus in solution, according to which the chemical
potential in a small nucleus can strongly deviate from the
Gibbs−Thomson equation. Equation 1 and 4 provide a
unified, quantitative explanation of the nucleus-size-distribu-
tion across nanoparticles and biological condensates. It is
predicted that the most probable size of nanoparticles increases
with temperature and the total monomer concentration but
only up to a critical size n†. The LCS value, M, spontaneously
increases when M < Mc1 or M > Mc2, but it does not have a
preferred direction of spontaneous change when Mc1 < M <
Mc2 under usual supersaturation conditions. The present
theory is applicable to diverse nucleation and phase separation
phenomena occurring in nature and industry.73−79
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